In this paper, by a constructive proof based on the homotopy continuation method, we prove that the second order system x = g(t, x) admits rotating periodic solutions with form u(t + T) = Qu(t) for any orthogonal matrix Q when the nonlinearity g admits the Hartman-type condition.
Introduction and main results
In this paper we study the following second order system: In 1960, Hartman [1] firstly studied the existence of system (1.1) with Dirichlet boundary value conditions under the assumption (1.2). In 1971, Knobloch [2] obtained the existence of periodic solutions for (1.1) under the Hartman-type condition (H) when g is locally Lipschitzian in x. The result was extended to the case that g is continuous by Rouche and Mawhin [3] in 1973. In [4] , Mawhin applied the Schauder fixed point theorem to obtain periodic solutions of p-Laplacian ordinary differential systems under assumption (H). In [5, 6] , some results are obtained on periodic solutions of ordinary differential systems involving singular φ-Laplace operator and φ(t)-Laplace operator under the Hartman-type condition (H). For some variants and extensions, one can see [7] [8] [9] [10] [11] and the references therein. This paper is devoted to showing that, under the Hartman condition (H), the system (1.1) admits the type of solutions with form u(t + T) = Qu(t) for any Q ∈ O(n) when the nonlinearity g amidts the corresponding rotating periodic structure. Here O(n) denotes the orthogonal group on R n . Usually, we call the solutions by rotating periodic solutions (or Q-rotating periodic solutions related to the matrix Q).
If the assumption (H) holds, then (1.1) has at least one Q-rotating periodic solution.
where a ∈ C(R, R) with a(t) > 0 and a(t + T) = a(t) for all t ∈ R, p ≥ 2. Clearly, by Theorem 3.1 in [4] we can obtain the existence of at least one periodic solution, while here by Theorem 1.1 we can get infinitely many periodic solutions and quasi-periodic solutions of (1.1) by taking different Q. It should be noticed that if Q ≡ I n , then the corresponding rotating periodic solution is just a periodic solution of (1.1), while if Q ≡ I n , we may obtain some existence results on quasi-periodic solutions of (1.1). In fact, we can take Q by
if n = 2l + 1 for some m, l ∈ Z + , where θ i ∈ [0, 2π], i = 1, 2, . . . , m, and there exist i ∈ {1, 2, . . . , m} such that θ i is an irrational multiplier of
Our proof is based on the homotopy continuation method together with a prior estimate. This method was introduced by Kellogg, Li and Yorke [12] and afterward many authors applied this method to obtain a constructive proof for the existence of periodic solutions of second order ordinary differential, one can see [13] [14] [15] and the references. For the periodic solution case, i.e., Q ≡ I n , as shown in [15] , one can transform the problem into one of finding certain solutions of the Cauchy problem by introducing a homotopy parameter λ ∈ [0, 1]. Following the C 1 path of solutions of the Cauchy problem starting from a simpler auxiliary equation corresponding to λ = 0, one can obtain the desired periodic solutions corresponding to λ = 1. However, when Ker(I n -Q) ≡ R n , it seems difficult to apply this idea to our problem directly. Here we modify this idea and gluing two C 1 paths of solutions together to obtain a continuous path of solutions, by which we can track along the trajectory to obtain the rotating periodic solutions (specially, quasi-periodic solutions) of (1.1). For some recent work on rotating periodic solutions of ODEs, one can see [16] [17] [18] [19] and the references.
Remark In [15] , Lu, Li and Su applied the homotopy continuation method to give a constructive proof of Mawhin's continuation theorem in [20] , and thus established a global method for finding periodic solutions of ordinary differential equations (systems). Our results can be seen as a generalization of the results in [15] from periodic solutions case to the rotating periodic case when g satisfies the Hartman-type nonlinearity.
This paper is organized as follows. In Sect. 2 we give a prior estimate and obtain the proof of Theorem 1.1 by applying the homotopy continuation method. In Sect. 3, some useful facts for the homotopy continuation method are collected. For convenience, we introduce some notations and definitions. L p (0, T) (1 < p ≤ ∞) denotes the usual Lebesgue measurable space with norm
denotes the space of m-times continuously differential real functions from R to R n with norm
Specially, we denote · = u C 1 .
Main results
Firstly, we consider the following auxiliary problem:
where λ ∈ (0, 1] and φ η :
where η is taken in (H).
Lemma 2.1 Assume that (λ, x) is a solution pair of (2.1).
Then there exists ρ > 0 such that x < ρ. Furthermore, if x is a solution of (2.1) with λ = 1, then x is a Q-rotating periodic solution of (1.1).
Proof
Assume that (λ, x) is a solution pair of (2.1). Multiplying (2.1) with x, by Q ∈ O(n) we get
By λ ∈ (0, 1], we have
Since φ η is continuous and bounded, it follows that there exists some C 1 > 0 independent of λ and x such that
It is not difficult to see that x(t + T) = Qx(t) for any t ∈ R. By Q ∈ O(n) we can see that
x (s) ds and (2.2) it follows that
for some C 2 > 0 independent of λ and x. Integrating (2.1) from σ 2 to t, we obtain
Similar arguments to above imply that
for some C 3 > 0 independent of λ and x. Denote ρ = max{C 2 , C 3 , η + 1} + 1. Then we get x < ρ. We claim that |x(t)| ≤ η for all t ∈ [0, T], i.e., if x is a solution of (2.1) with λ = 1, then x is a Q-rotating periodic solution of (1.1). Indeed, for each t ∈ [0, T] such that |x(t)| > η, by (2.1) with λ = 1 it follows that
If |x(t)| > η for all t ∈ R, then (2.7) holds for all t ∈ R, which is contrary to (2.4). If |x(t 1 )| ≤ η for some t 1 ∈ [0, T] and |x(t 2 )| > η for some t 2 ∈ [0, T], then we can find τ , ξ ∈ R with ξ > τ such that
Then, by (2.7) it follows that d dt
which together with (2.8) implies that
This is a contradiction. Hence, |x(t)| ≤ η for all t ∈ R. Thus x satisfies x = g(t, x) and x(t + T) = Qx(t), i.e., x is a Q-rotating periodic solution of (1.1).
Proof of Theorem 1.1 By Q ∈ O(n) and the knowledge in linear algebra, there exist an invertible matrix A and an orthogonal matrix B such that Q = A -1 BA, where B has the
where α 1 = dim Ker(I n -B),Q is a β 1 × β 1 orthogonal matrix with β 1 = n -α 1 such that 1 is not an eigenvalue ofQ. Furthermore, we can get 
In view of g(t + T, x)
Set y = Ax. If x is a solution of (2.1), then y satisfies
(2.10)
By (2.9) it is clear that ϕ(t + T, y) = Bϕ(t, B
-1 y) for all t ∈ R and y ∈ R n .
Case 1: Ker(I n -B) = {0}. Define
For ξ ∈ Ker(I n -B) with |ξ | ≥ ρ, where ρ is taken from Lemma 2.1, we have
Then, for any r ≥ ρ, 12) uniformly in t ∈ [0, T] and y ∈ B ρ (0). Without loss of generality, we may assume that
By the continuation and definition of the Brouwer degree, there exists a constant σ 1 > 0 sufficiently small such that
. Then the perturbed boundary value problem as ξ =ξ +ξ , whereξ ∈ Ker(I n -B) andξ ∈ Im(I n -B). Define the homotopy map H k :
By (2.14), for any d ∈ , it follows that
It is easily seen that there exists λ 0 > 0 small enough such that, for all d ∈ , 0 is a regular value of H k (d, ξ , λ) for any λ ∈ [0, λ 0 ). Denote the set of all such points of d s by * 
. For any
By Lemma 3.5 we can see that (ξ (s), λ(s)) satisfies the following differential equation:
Now we show that the curve (ξ (s), λ(s)) is not a loop. In fact, since B α 1 ρ (0) is compact, it is not difficult to see that the number of such ξ 0 is finite, without loss of generality, we denote them as ξ 01 , ξ 02 , . . . , ξ 0m . Let (ξ (s, ξ 0i ), λ(s, ξ 0i ) ) be a path of the homotopy
By the implicit function theorem we can see that the conclusion follows. Using Lemma 3.4 it follows that each curve (ξ (s, ξ 0i ), λ(s, ξ 0i )) (i ∈ {1, 2, . . . , m}) is an interval, which maybe open, closed or semi-closed. We claim there exists some i 0 ∈ {1, 2, . . . , m} such that the curve (ξ (s, ξ 0i 0 ), λ(s, ξ 0i 0 ) ) starts from B α 1 ρ (0) × {0} and doesn't end on B ρ (0) × {0}. Indeed, if not, then m = 2l for some l ∈ Z + . Without loss of generality, we may assume that (ξ (s, ξ 0i ), λ(s, ξ 0i )) starts from (ξ 0i , 0) ∈ B α 1 ρ (0) × {0} and ends at (ξ 0(l+i) , 0) ∈ B ρ (0) × {0} for all i = 1, 2, . . . , l. By Lemma 3.6 we can get that
Thus by the continuation and definition of the Brouwer degree it follows that, for d ∈ ,
However, this is contrary to (2.16) .
Note that ξ 0 ∈ B 
For any λ ∈ [λ * , 1) and ξ ∈ R n , since ( 
is a C 1 path of -1 (0), where s is a parameter and 
Conclusions
In this paper, by a constructive proof based on the homotopy continuation method, we prove that the second order system x = g(t, x) admits rotating periodic solutions with form u(t + T) = Qu(t) for any orthogonal matrix Q when the nonlinearity g admits the Hartman-type condition. In [3] , Rouche and Mawhin obtained the existence of periodic solutions of second order system under the Hartman-type condition. In [15] , Lu, Li and Su applied the homotopy continuation method to give a constructive proof of Mawhin's continuation theorem in [20] , which can be used to obtain the periodic solutions by track along a C 1 trajectory. However, when Ker(I n -Q) ≡ R n , it seems difficult to apply this idea to our problem directly. Here we modify this idea and gluing two C 1 paths of solutions together to obtain a continuous path of solutions, by which we can obtain the rotating periodic solutions (specially, quasi-periodic periodic solutions) of (1.1). Our results can be seen as a generalization of the results in [15] from periodic solutions case to the rotating periodic case when g satisfies the Hartman-type nonlinearity.
